Abstract. New parametric solutions of some Abel equations of second kind are found. The scheme for construction of these solutions utilizes a combination of differential invariants of a symmetry of an associated second order ODE and the solutions of the associated ODE.
INTRODUCTION
Riccati and Abel equations form an interesting class of first order ODEs due to the difficulties involved in their integration as well as for the reason that the search for the solutions to many applied problems reduces to the question of solving one of these equations. A description of different approaches, in Section 0.1.4 of [8] , to deal with Riccati equation 3), which may be easier to solve and hence can lead to solution of (1.1) via the transformations (1.4). The purpose of this note is to investigate if an approach similar to above can be adapted to find new solutions of some Abel equations. The general form of an Abel equation of the second kind is
There is no general procedure to find solutions of these equations. However some integration strategies, a listing of known integrable cases and a description of integrable classes can be found, for example, in [3, 5, 6, 8] . [2, 4, 7] for an introduction to the subject of symmetry analysis.
INTEGRATION SCHEME AND EXAMPLES
We consider Abel equations of the form
and ask the question: Is there a symmetry X of a second order ODE
whose similarity variables provide a conversion relation between ODEs (2.1) and (2.2).
If such a symmetry is found and ODE (2.2) can be solved, it can be used to get solution of Abel equation (2.1) by utilizing the solution of second order ODE (2.2) via similarity variables of X.
As an ansatz for symmetry X of ODE (2.2), we take a scaling symmetry of the form
whose differential invariants are y x A ; x 1 A dy dx . The corresponding similarity variables
provide the transformations between ODEs (2.1) and (2.2) and convert ODE (2.1) to
C by which, upon choosing A D b, reduces to
In general, the values of undetermined parameters a; b for which ODE (2.4) can be solved would lead to corresponding solvable cases of Abel equation (2. 
transforms to a second order ODE of the form
through the similarity variables
of the symmetry
An effective implementation of Lemma 1 requires a suitable choice of the value of a for which ODE (2.6) is solved which will lead to parametric solutions of Abel equation (2.5) via the transformations (2.7). The scheme is implemented below to produce some new solutions of Abel equations. Example 1. We consider the class of Abel equations where WeierstrassP denotes the Weierstrass elliptic function. Hence we obtain, via (2.10), the parametric solution
Case 2: For n D 3, the ODE (2.9) can be solved to get solution
where JacobiSN denotes the Jacobi elliptic function. Hence we obtain, via (2.10), the parametric solution
Case 3: For n D 3, the ODE (2.9) can be solved to get solution
Hence we obtain, via (2.10), the parametric solution Case 5: n ¤ 1. For general n with n ¤ 1 a first integral the ODE (2.9) is obtained as dy dx D˙r
which can be integrated for n ¤ 1 to get
Hence the transformations (2.10) lead to the parametric solutions
of Abel equation (2.8) for n ¤˙1 and a D nC1 n 1 . For Abel equations of the form (2.1) with F .t / D t we obtain the following solutions.
Example 2. Consider the Abel equation
Then, as in equation (2.4), the similarity transformations
transform (2.11) to
which has the solution
This leads to, via (2.12), the parametric solution
of Abel equation (2.11). Viewing equation (2.13) as an eigenvalue problem, we determine that the eigenvalues D n.n C b a/ and the eigenfunctions
n bCa satisfy equation (2.13). Hence, in addition to above solutions, the transformations (2.12) provide the parametric solutions
Though we have restricted to a specific class of Abel equations of the form (2.1) the strategy may be adapted for finding solutions of other types, as demonstrated in next example. Example 3. We consider an Abel equation of second kind given by
and take as ansatz for symmetry X as 
CONCLUSION
A new integration strategy for solving Abel equations of second kind is presented. Utilizing the differential invariants of Lie symmetries of an associated second order ODE, this strategy leads to parametric solutions of Abel equations. An implementation of the scheme is carried out to construct many new parametric solutions of some Abel equations.
